Abstract: This paper sought to present harmonic-balanced method for finite element analysis of nonlinear eddy current field.
Introduction
The DC bias phenomenon is an abnormal operation state of the power transformer. The direct current flows into the windings of transformers, which may lead to a series of problems in transformers and electric networks. Such problems include significant saturation of the ferromagnetic core, vibration and overheating of transformers [1] - [2] , and reactive power demand [3] in the transmission system. The investigation of the DC biased problem originates from the effect of Geomagnetically Induced Current (GIC) [4] - [6] caused by solar magnetic disturbance on transformers and electric networks. With the development of high voltage direct current (HVDC) transmission, more attention has been paid to the DC biased problem in recent years. In the monopolar operating mode of the HVDC system, the earth is usually used as a return path [7] - [8] . In that case, there will be a large DC potential difference between the two converting plants. The electric potential difference generates a direct current that flows into the windings of the power transformer (through the earthed neutrals in the AC network).
Research on the mechanism of the DC biased problem contributes to important developments in transformer design. Many different methods have been used to investigate the electromagnetic field in transformers under the DC bias condition [9] - [12] . The circuit model [13] - [14] were proposed to calculate the excitation current in windings. The time-stepping finite element method [15] was also used by some researchers to compute the magnetizing current and magnetic field. However, it is difficult to obtain accurate results from the electric or magnetic circuit model, especially when magnetic field analysis is required to explore the mechanism of the DC biased problem. The time-stepping method is an alternative method to calculate the transient magnetic field, but accurate solutions of high order harmonic components in exciting current and magnetic induction require many more iterations in the time domain, which can reduce the effectiveness of this method.
In this paper the HBFEM is used to solve the nonlinear magnetic field under different DC bias conditions, considering the coupling of the electric circuit and the magnetic field. Harmonic solutions of the magnetizing current and the magnetic field can be calculated directly and quickly in the harmonic domain. The nonlinear magnetic field under DC bias condition is analyzed thoroughly through harmonic analysis in order to investigate the mechanism of the DC bias phenomenon in the power transformer. The calculated results and experimental data are compared on an Epstein frame-like core model, which proves that the HBFEM is an effective and efficient method in analyzing the DC biased problem of power transformers.
Harmonic-Balanced Finite-Element Method

Harmonic Balance Method in Finite Element Analysis of Nonlinear Magnetic Field
The nonlinear magnetic field can be described by using magnetic vector potential A,
where ν is the reluctivity, J is the current density including exciting current density J 0 and eddy current density J e . The finite element equation can be obtained by using Galerkin's method,
where N i is the nodal shape function, φ is the electric scalar potential, Ω n and Ω c are the finite element in the whole domain and non-conducting domain, respectively. σ is the conductivity of conducting materials. The penalty function is always required in finite element analysis of eddy current problems based on nodal basis function [16] . The time-periodic solutions are focused in the DC bias phenomenon, since it is a harmonic problem with alternating and direct excitations. The magnetic flux density and magnetic vector potentials are both periodic functions in the time domain. Based on harmonic balance theory, all variables in (3) can be expressed by complex series as follows,
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where N is the truncated harmonic number. Considering the orthogonal characteristics of trigonometric functions, the harmonic-balanced equation can be attained as follows,
where A j , φ j are harmonic solutions, D and N are named as reluctivity matrix and harmonic matrix respectively, 
Harmonic-Balanced Method in Electric Circuits Coupled to Magnetic Field
Most of electromagnetic devices are connected to the voltage source and therefore electric circuits coupled with magnetic field should be considered.
According to Kirchhoff's Law the applied voltage on the external port of the electric circuit can be defined as follows,
where U ink is the input voltage of circuit k, and U k is the corresponding induced electromotive force. The induced electromotive force can be obtained in (15) based on Faraday's Law,
where t is the current vector representing the flowing direction of the exciting current. Consequently we can attain the harmonic-balanced equation of the electromagnetic coupling as follows,
where k indicate the circuit number, N c is the number of turns and S c is the cross-section area of the exciting coil. A j and I k are the harmonic solutions of the magnetic vector potential and exciting current, respectively. Finally the harmonic-balanced system equation can be represented simply as follows,
Computational Results and Field Analysis
Laminated Core Under DC-Biased Condition
The Epstein frame-like core model for the DC biased test is shown in Fig. 1 . The iron core is made up of silicon steel lamination of which the model number is 30Q140. There are two windings on the ferromagnetic core: the exciting coil (connected to alternating voltage source) and the measuring coil.
The peak value of excitation current without a DC bias is selected as a reference. This reference current causes the flux density in the silicon steel to reach the rated value (1.7T) in the transformer's no-load operation. The DC bias in the form of direct current is then applied in proportion to the reference current to the exciting coil. The value of reference current I 0 measured on the square ferromagnetic core model is 1.68 ampere. The DC bias is applied in incremental proportions of the reference current, which are represented by P i (i=1, 2, 3, 4) in Table 1 . The AC excitation is also applied in four different cases indicated by the subscript j (j=1, 2, 3, 4). I dc represents the DC bias current that corresponds to different proportions of the reference current I 0 , while H dc is the subsequently generated magnetic intensity. The peak value of alternating flux density B m in the magnetic core varies with the step-increase of alternating voltage U m (peak value) [17] , which is also shown in the same Harmonic solutions of the exciting currents and magnetic vector potential are computed simultaneously in (17) . The calculated currents are compared with the measured data. As shown in Fig. 2 and Fig. 3 , there is consistency in the computational and measured results obtained from the magnetizing current waveforms.
Harmonic Analysis of the Magnetizing Current
There are only odd harmonics in the magnetizing current when the transformer is fed by AC excitation. However, additional harmonics appear when the direct current invades the transformer windings. The generation of large harmonics results in significant saturation of the magnetic core and half-cycle saturation of the magnetizing current. Therefore, the relationship between the DC bias and harmonic components should be considered by using harmonic analysis [18] .
Unlike the time-domain iterations and the Fourier transforming process of the solution in the time-stepping finite element method, all harmonic components in the magnetizing current can be obtained directly from the harmonic solution using the HBFEM. The histograms in Fig.4 and Fig.6 show the contribution of different harmonic components to the magnetizing current under different DC biases. Fig. 4 shows that while the size of all harmonic components increases when additional DC bias is applied, the growth rate varies in different components. The growth tendency of each harmonic is shown in Fig. 5 . The numbers 1, 2, 3, 4 in the horizontal coordinate represent different proportions (25%, 50%, 75%, 100%) of the DC bias reference current respectively. It is obvious that the fundamental and second harmonic components increase near-linearly, while higher order harmonics (the third and fourth) grow faster rather than linearly.
The contribution of each harmonic component is different when the peak value of alternating voltage is increased up to 495 volts, which is given in Fig. 6 . Odd harmonics are greater than even order components under 25% and 50% DC bias respectively. It is implied that the growth of odd harmonic components is related to the increased AC excitation.
Curves in Fig. 7 display a relationship between odd harmonics and AC excitation. With the increased alternating voltage odd harmonics grow faster (and are greater in size) than the even harmonics. On the other hand, the negative influence of DC bias on each harmonic is analysed in Fig. 8 when the ferromagnetic core is significantly saturated as a consequence of high alternating voltage. Even harmonics increase faster than the odd harmonics with the increased DC bias and constant AC excitation.
It can be concluded that the appearance of DC bias in exciting current leads to the generation of even harmonics in the DC biased problem, and each harmonic component in the exciting current is affected by DC and AC excitation simultaneously. The applied alternating voltage makes the main contribution to the growth of odd harmonics while the DC bias plays a more important role in the variation of even harmonics, especially when the ferromagnetic core is significantly saturated. 
Calculated Magnetic Field
The averaged flux density in the laminated core is attained from the harmonic solutions of vector potential. As shown in Fig. 9 , flux density in the laminated core calculated in 2-D model agrees well with that in 3-D model. Harmonic flux distributions under DC bias condition are presented in Fig.10 . The harmonic flux distributions vary with time (related to phase angle) and excitations (related to DC bias and alternating voltage) [19] . 
Conclusion
The time-periodic magnetic field can be computed in harmonic domain by the harmonic-balanced finite-element method. The time-stepping method requires many periods to approach the steady state solution in time domain, instead, the harmonic-balanced method computes nonlinear magnetic field directly in frequency domain. Harmonic solutions can be decoupled by the decomposed algorithm [19] and the system equation is suitable for concurrent computation. It can be concluded that the harmonic-balanced method requires less memory for the solution since the number of harmonics is usually less than the number of time steps in computation.
